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Abstract
Based on the renormalisability of the SU(n) theory with massive gauge bosons, we start with the
path integral of the generating functional for the renormalized Green functions and develop a method
to construct the scattering matrix so that the unitarity is evident. By using as basical variables the
renormalized field functions and defining the unperturbed Hamiltonian operator H0 that, under the
Lorentz condition, describes the free particles of the initial and final states in scattering processes, we
form an operator description with which the renormalized Green functions can be expressed as the
vacuum expectations of the time ordered products of the Heisenberg operators of the renormalized
field functions, that satisfy the usual equal time commutation or anticommutation rules. From
such an operator description we find a total Hamiltonian eH that determine the time evolution of
the Heisenberg operators of the renormalized field functions. The scattering matrix is nothing but
the matrix of the operator U(1,−1), which describes the time evolution from −1 to 1 in the
interaction picture specified by eH and H0, respect to a base formed by the physical eigen states
of H0, states satisfying the Lorentz condition. We also explain the asymptotic field viewpoint of
constructing the scattering matrix within our operator description. Moreover, we find a formular to
express the scattering matrix elements in terms of the truncated renormalized Green functions.
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I. Introduction
Since the SU(n) theory with a mass term of the gauge elds was considered to be in general nonrenor-
malisable (See for example [1{6]), the influence of such a mass term on the unitarity of the scattering
matrix has not yet been deeply studied. Now that the renormalisability of the theory has been proven[7]
further analysis is available. In the present paper, instead of checking the negative arguments concerning
the unitarity we will develop a method to construct the scattering matrix with the renormalized eld
functions as basical variables so that the unitarity is evident.
Owing to the renormalisability of theory, one can start with the path integral of the generating
functional for the renormalized Green functions and form an operator description with the renormalized
eld functions as basical variables. This means that the Heisenberg operators of the renormalized eld
functions satisfy the usual equal time commutation or anticommutation rules and the renormalized Green
functions can be expressed as the vacuum expectations of the time odered products of such Heisenberg
eld operators. On the other hand starting from the path integral of the generating functional for the
unrenormalized Green functions, one can form another operator description with the bare eld functions
as basical variables. It should be emphasized that such two operator descriptions are of dierent types. In
particular, the eld operators belonging to the two operator descriptions operate on dierent state spaces
and can not be transformed into each other by unitary transformations or by scale transformations.
According to the very idea of renormalisation we decide to choose the rst kind of operator de-
scription. With the renormalized eld functions and the renormalized parameters we will dene a non-
interacting Lagrangian L0 which, under the Lorentz condition, describes the free particles of the initial
and nal states in scattering processes. Next we will nd an unperturbed Hamiltonian H0 operation in a
way used in the Gupta-Bleuler quantization and dene a Quasi-Gupta-Bleuler subspace (QGB) which is
spanned by all the eigen states of H0 that satisfy the Lorentz condition. By giving an operator expression
for the generating functional for the Green functions of the free elds, we will able to do the same for the
generating functional for the renormalized full Green functions. Then we can express the renormalized
Green functions as the vacuum expectations of the time odered products and nd the total HamiltonianeH that determine the time evolution of the Heisenberg operators of the renormalized eld functions.
With the QGB subspace and the operator U(1,−1), which describes the time evolution from −1 to
1 in the interaction picture specied by eH and H0, we can easily dene the scattering matrix and make
the unitarity evident.
The operator description will be given in section 2. In section 3 we will explain the denition and
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the unitarity of the scattering matrix and briefly describe the asymptotic eld viewpoint based on our
operator description. In section 4 a formular will be found to express the scattering matrix elements
in terms of the truncated renormalized Green functions. Concluding remarks will be given in the nal
section.
II. Operator description with renormalized eld functions as basical variables
Assume that the theory has been renormalized under a proper renormalization scheme so that the
renormalized parameters such as the masses represent the physical ones. The generating functional for
the renormalized Green functions can be expressed as
Z [R][J, χ, χ, η, η] = 1
N
Z



























a + Lψ + LψA
+
(− ∂µCa(x)DµabCb(x) + Lcount . (2.2)
The free evolution of the physical particles of the initial and nal staes in scattering processes should be








M2Aaµ(x)Aµa (x) + Lψ(x) +
(− ∂µCa(x)DµabCb(x) , (2.3)
where
F [0]aµν = ∂µAaν − ∂νAaµ .
In order to describe such free particles by an operator method, we replace (2.3) by
eL0(x) = LGB(x) + 12M2Aaµ(x)Aµa(x) + Lψ(x) + (− ∂µCa(x)DµabCb(x) , (2.4)













Then we perform a canonical quantization with eL0(x) and dene the corresponding Hamiltonian opereator
H0 and eld opereators. Moreover we have to choose the so-called physical states and dene a physical
state subspase according to Lorentz condition. This subspase is spanned by all the physical eigen states
of H0 and can be formed in a similar method used in the Gupta{Bleuler quantization although there are
dierences caused by the mass term of the gauge elds. We will simply call such a subspace as Quasi-
Gupta-Bleuler or QGB subspace. If we can nd a total Hamiltonian which determines the time evolution
of the Heisenberg operators of the renormalized eld functions, it will be possible to construct a couple
of mappings to map each physical eigen state of H0 into an outgoing eigen state and an incoming eigen
state of the total Hamiltonian. The latter eigen states can then be used to dene the scattering matrix.
In particular, these mappings can be expressed in terms of the time evolution operators U(0,1) in
the interaction picture dened by the total Hamiltonian and H0, where U(0,−1) describes the time
evolution from −1 to 0 and U(0,1) describes the evolution from +1 to 0. It will be seen that these
tentative ideas are correct. However, we will have to introduce the ξ−gauge xing term and construct
an appropriate operator expression for the generating functional for the renormalized Green functions.
With the help of the the gauge xing term LGF = − 12ξ
(
∂µAaµ
2 one can express (2.1) as
Z [R][J, χ, χ, η, η] = lim
ξ!0
Z [R]ξ [J, χ, χ, η, η] , (2.5)
where











where Nξ is a constant to make Z [R]ξ [0, 0, 0, 0, 0] equal to 1, and
Ieff = Ieff +
Z
d4xLGF (x) . (2.7)
Needles to say, quantities dened by using Z [R]ξ [J, χ, χ, η, η] depend on ξ, but this parameter will often
be omitted.
Let eZ0[J, χ, χ, η, η] be the generating functional for the Green functions dened by the eective
Lagrangian eL0, namely
eZ0[J, χ, χ, η, η] = 1
N0
Z







d4x eL0(x) + Iso ,
where N0 is a contant to make eZ0[0, 0, 0, 0, 0] equal to 1. One thus has
eZ0[J, χ, χ, η, η] = h0jTexpni Z d4xJµa (x)Aaµ(x)
+χa(x)Ca(x) + Ca(x)χa(x) + ηa(x)ψa(x) + ψa(x)ηa(x)
oj0i , (2.8)
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where Aaµ(x), Ca(x), ψa(x),    are eld operatos satisfying the usual equal time commutation or anti-
commutation rules and their time evolution are determined by H0. The state j0i is the eigen state of H0
belonging to the lowest eigegvalue (assigned to be zero). Dene eHI so that
Ieff = −
Z
d4x eHI(x) + Z d4x eL0(x) . (2.9)
Then one gets from (2.6)





d4x eHI  δiδJ(x) , δiδχ(x) , δ(−i)δχ(x) , δiδη(x) , δ(−i)δη(x)









Jµa (x)Aaµ(x) + χa(x)Ca(x)






d4x eHI(x)oj0 i . (2.10)
where eHI  δiδJ(x) , δiδχ(x) , δ−iδχ(x) , δiδη(x) , δ−iδη(x) is a dierential operator obtained from eHI(x) by replac-








and δ−iδηaβ(x) respectively. The operator
eHI appearing in the last line is obtained from the classical
quantity by replacing the eld functions with operatos Aaµ(x), Ca(x), Ca(x), ψaα(x) and ψaβ(x) and
then taking the normal products with respect to j0i. Each of the two prorortion coecients in (4.10)
should make Z [R]ξ [0, 0, 0, 0, 0] equal to 1. It is evident that the time evolution of eHI is determined by H0:













d4x eHI(x)o = U(1,−1) , (2.12)
and
U(t, t0) = eiH0te−ieH(t−t0)e−iH0t0 , (2.13)eH = H0 + Z d3x eHI(0) . (2.14)
It follows that (2.10) can be written as





















U(0,−1)j 0 i , (2.15)
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The proportion coecient should make Z [R]ξ [0, 0, 0, 0, 0] equal to 1. The time evolution of the operators
Ahaµ,    are determined by eH :
Ahaµ(t) = e
ieHtAaµ(0)e−ieHt ,












Therefore eH is the total Hamiltonian operator and Ahaµ(x), Cha (x), Cha(x), ψha (x) and ψha(x) stand for the
Heisenberg operators of the renormalized eld functions. Thus (2.15) meams that the renormalized Green
functions can be expressed as the vacuum expectations of the time ordered products of the Heisenberg
operators of the renormalized eld functions. It should be emphasized that these eld operators satisfy
the usual equal time commutation or anticommutation rules.
III. The scattering matrix
Let jΨGBi stand for an arbitrary state in the QGB subspace. The states U(0,1)jΨGBi are nor-
malized just like jΨGBi and one thus has
U(1, 0)U(0,1)jΨGBi = jΨGBi . (3.1)
Since U(0,−1)jΨGBi and U(0,1)jΨGBi are the sum of the in-states and the out-states respectively and
each in-state (out-state) can be expanded as a sum of out-states (in-states), there exist states jΨ0GBi and
jΨ00GBi in the QGB subspace so that
U(0,−1)jΨGBi = U(0,1)jΨ0GBi , U(0,1)jΨGBi = U(0,−1)jΨ00GBi . (3.2)
Thus
jΨ0GBi = U(1,−1)jΨGBi , jΨ00GBi = U(−1,1)jΨGBi .
It follows that the operators U(1,1) conserve invariant the QGB subspace. Therefore we express






where jii and jfi are within the QGB subspace and are the eigen states of H0.
Next, from (3.1) and (3.2), one has
U(−1,1)U(1,−1)jΨGBi = U(−1,1)U(1, 0)U(0,1)jΨ0GBi
= U(−1,1)jΨ0GBi = U(−1, 0)U(0,−1)jΨGBi = jΨGBi .
Similarly,
U(1,−1)U(−1,1)jΨGBi = jΨGBi .
These ensure the unitarity of the scattering matrix.
With the help of the time evolution operator in the interaction picture we can also dene the operators
of so-called asymptotic elds which will be denoted by Aaµ,in(x), Aaµ,out(x), ψa,in(x) and ψa,out(x),   .
These are free elds, and when −t is very large each in-operator proportional to the Heisenberg operator
of the renormalized eld function. Actually each proportion coecent should be equal to 1 in order not
to destroy the usual equal time commutation or anticommutation rules. On the other hand when t is
very large each out-operator is equal to the Heisenberg operator of the renormalized eld function. Using
Ahaµ(x) = U(0, t)Aaµ(x)U(t, 0) ,
ψha (x) = U(0, t)ψa(x)U(t, 0) ,
Cha (x) = U(0, t)Ca(x)U(t, 0) ,
and noticing that when jtj is large enough, U(0, t) and U(t, 0) are independent of t, one gets
Aaµ,in(x) = U(0,−1)Aaµ(x)U(−1, 0) , (3.4)
ψa,in(x) = U(0,−1)ψa(x)U(−1, 0) , (3.5)
Aaµ,out(x) = U(0,1)Aaµ(x)U(1, 0) , (3.6)
ψa,out(x) = U(0,1)ψa(x)U(1, 0) . (3.7)
Since the asymptotic elds are free ones, these are valid for any t. The formulae for the other elds are
similar.
If the in{states and out{states are dened by
j0, in i = U(0,−1)j0iph 0jU(1,−1)j0 i ,
j0, out i = U(0,1)j0iph 0jU(1,−1)j0 i ,
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ji, in i = U(0,−1)jiiph 0jU(1,−1)j0 i ,
ji, out i = U(0,1)jiiph 0jU(1,−1)j0 i ,
then (3.9) can be written as
Sfi = lim
ξ!0
hf, outji, ini = lim
ξ!0
h f, injU(0,−1)U(1, 0)ji, in i . (3.8)
IV. An expression for the scattering matrix elements in terms
of the truncated renormalized Green functions
In the following we will derive a formula to express the elements of the scattering matrix in terms of
the truncated renormalized Green functions. Dene the following operator








Jµa (x)Aaµ(x) + χa(x)Ca(x)




U(0, 0, 0, 0, 0) = U(1,−1) ,
and
h0jU(J, χ, χ, η, η)j0i/(h0jU(1,−1)j0i = Z [R]ξ [J, χ, χ, η, η] . (4.2)
Analogous to (2.10), we also have





d4x eHI  δiδJ(x) , δiδχ(x) , δ(−i)δχ(x) , δiδη(x) , δ(−i)δη(x)
 eU (0)(J, χ, χ, η, η) , (4.3)
where
eU (0)(J, χ, χ, η, η) = T expni Z d4xJµa (x)Aaµ(x) + χa(x)Ca(x)
+Ca(x)χa(x) + ηa(x)ψa(x) + ψa(x)ηa(x)
o
.






LGF (x) + L0(x)} ,
L0GF = LGF + 12
(
∂µAaµ
2 = ( 12 − 12ξ (∂µAaµ2 .
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We can write (4.3) as





















U (0)(J, χ, χ, η, η) , (4.4)
where








 eU (0)(J, χ, χ, η, η) . (4.5)
Noticed that h0jU (0)(J, χ, χ, η, η)j0i is proportional to the generating functional for the Green func-
tions dened by the eective Lagrangian L0 + LGF and the latter can be explicitly expressed as




























where iDabµν(x− y), iωab(x− y) and iSab(x − y) are the propagators. Particularly, one has
Dabµν(k) =
−1
k2 −M2 + i
n
gµν + (ξ − 1) kµkν











As for the operator U (0)(J, χ, χ, η, η), one has










































: Z(0)ξ [J, χ, χ, η, η] .
Substituting this in (4.4) we get















































µν(x − y), iωab(x − y) and iSab(x − y) the full propagators dened by Z [R]ξ [J, χ, χ, η, η],
and changing the sources in (4.8) into
J 0νb (x) = −
Z




0) i [S(x0−x)−1]a′α′,aα ,
η0aα(x) = −
Z




0) i [ω(x0−x)−1]a′a ,
χ0a(x) = −
Z
d4x0 i [ω(x−x0)−1]aa′ ηa′(x0) ,
we can nd, in the limit as ξ ! 0, that













: jiiX [R][J, χ, χ, η, η] jJ=χ=χ=η=η=0 , (4.9)
whereX [R][J, χ, χ, η, η] stands for the generating functional for truncated renormalized Green functions[8].
This is the formular we need. In the above manipulation, we have taken into account the fact that the
momenta of the particles in the initial or nal staes are on the mass shell and for such momenta the
renormalized full propagators become the free propagators.
V. Concluding Remarks
Starting from the path integral of the generating functional for the renormalized Green functions
with the renormalized eld functions as basical variables and using the unperturbed Hamiltonian operator
that, under the Lorentz condition, describes the free particles of the initial and nal states in scattering
processes, we have formed a satisfying operator description and found the total Hamiltonian which
determine the time evolution of the Heisenberg operators of the renormalized eld functions. With the
help of the time evolution operator U(1,−1) in the interaction picture and of the Quasi-Gupta-Bleuler
subspace formed according to the Lorentz condition, we have been able to easily explain the denition
and the unitarity of the scattering matrix and found a formular to express the matrix elements in terms
of the truncated renormalized Green functions.
We have also briefly described the asymptotic eld viewpoint based on our operator description. It
would be interesting to compare such a viewpoint with that of the traditional asymptotic theory[9−12].
10
ACKNOWLEDGMENTS
We are grateful to Professor Yang Li-ming for helpful discussions. This work was supported in part by
National Natural Science Foundation of China and supported in part by Doctoral Programm Foundation
of the Institution of Higher Education of China.
Refernces
[1] H.Umezawa and S.Kamefuchi, Nucl. Phys. 23, 399(1961).
[2] P.A.Ionides, Nucl. Phys. 23, 662(1961).
[3] A.Salam, Phys. Rev. 127, 331(1962).
[4] R.P.Feynman, Acta Phys. Polonica 24, 679(1963).
[5] D.G.Boulware, Ann. Phys. 56, 140(1970).
[6] C.Itzykson and F-B.Zuber, Quantum Field Theory, McGraw-Hill, New York, 1980.
[7] Yang Ze-sen, Zhou Zhining, Zhong Yushu and Li Xianhui, hep-th/9912046, 7 Dec 1999.
[8] Z.N.Zhou, Y.S.Zhong and X.H.Li, Chin.Phys.lett.12, 1(1995).
[9] H.Lehmann, K.Symanzik and W.Zimmermann, Nuovo Cimento, 1, 205 (1955).
[10] J.D.Bjorken and S.D.Drell, "Relativistic Quantum Field", McGraw-Hill, New York, 1965.
[11] C.Itzykson and J.B.Zuber, "Quantum Field Theory", McGraw-Hill Inc., New York, 1980.
[12] Michio Kaku, "Quantum Field Theory", Oxford University Press, Oxford, 1993.
11
